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We consider the Standard Model extended by right-handed neutrinos to explain massive neutrinos 
through the seesaw mechanism. The new fermion can be observed when it has a suﬃciently small 
mass and large mixings to left-handed neutrinos. If such a particle is the lightest right-handed neutrino, 
its contribution to the mass matrix of active neutrinos needs to be canceled by that of a heavier one. 
Yukawa couplings of the heavier one are then larger than those of the lightest one. We show that the 
perturbativity condition gives a severe upper bound on the mixing of the lightest right-handed neutrino, 
depending on the masses of heavier ones. Models of high energy phenomena, such as leptogenesis, can 
be constrained by low energy experiments.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The masses of active neutrinos are the most prominent evi-
dence for physics beyond the Standard Model. The simplest and 
suﬃcient extension is to introduce right-handed neutrinos (the 
seesaw mechanism [1]). They can also explain the baryon asymme-
try of the universe [2]. Right-handed neutrinos have been searched 
for a long time at various experiments and observations (for com-
pilations, see Refs. [3–5]). Their detectability is determined by two 
parameters: masses and mixings.
In this letter, we derive upper and lower bounds on the mixing 
of the lightest right-handed neutrino. The lower bound comes from 
the seesaw relation, and the upper one is from the perturbativity. 
To obtain the upper bound, we take into account the cancella-
tion between the contributions of right-handed neutrinos to the 
mass matrix of active neutrinos. We also consider the renormal-
ization group evolution (RGE) of Yukawa couplings. The new upper 
bound is stronger than the existing bounds by orders of magnitude 
for many cases. This bound is crucial for future collider searches 
[6–12].
The perturbativity of the neutrino Yukawa couplings without 
RGE was discussed in Ref. [13]. The RGE effect was partially studied 
in the context of grand uniﬁcation [14]. Note that stronger bounds 
may be derived by the vacuum stability condition [15,16], but it 
largely depends on the top Yukawa coupling and the details of 
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SCOAP3.the scalar sector. Here we focus on the perturbativity to be con-
servative. Our results do not change much even if we assume the 
stability.
2. Seesaw mechanism
We consider the Standard Model extended by right-handed 
neutrinos νR . The neutrino masses are induced by the Lagrangian
Lmass = −Fα I LανR I − MI
2
νR Iν
c
R I + h.c. (1)
Fα I (α = e, μ, τ ; I = 1, . . . , N ) are Yukawa couplings of neutri-
nos and Higgs doublet . We assume |Fα I |〈〉/MI  1 (〈〉 =
174 GeV) to realize the seesaw mechanism. The mass eigenstates 
of neutrinos are three active neutrinos ν j ( j = 1, 2, 3) with masses 
mj and N heavy neutral leptons (HNLs) NI with masses MI . The 
labeling of HNLs is deﬁned as M1 ≤ M2 ≤ · · · ≤ MN . The masses 
and mixings are related by the seesaw relation
UDνU
T = −DNT , (2)
where U denotes the active neutrino mixing matrix, α I =
Fα I 〈〉/MI is the mixing element of HNL NI , Dν ≡
diag(m1, m2, m3) and DN ≡ diag(M1, . . . , MN ). The relation (2) is 
modiﬁed by radiative corrections [17,18]. These corrections do not 
change our ﬁnal results since they give subleading contributions.
The Yukawa couplings which satisfy Eq. (2) are convenient to 
be parametrized as [19]
F = i〈〉UD
1/2
ν D
1/2
N , (3) under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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neutrino oscillation experiments. It satisﬁes T = 1 for N ≥ 3
and T = diag(0, 1, 1) or diag(1, 1, 0) for N = 2 with the nor-
mal hierarchy (NH) or inverted hierarchy (IH). The mixing of the 
lightest HNL is expressed as
|1|2 ≡
∑
α
|α1|2 = 1
M1
3∑
j=1
mj| j1|2. (4)
We derive a lower bound on the mixing for N = 2, 3 cases,
M1|1|2 =ml
⎛
⎝1−
3∑
j=1
(r2j1 − i2j1)
⎞
⎠+
3∑
j=1
mj(
r2
j1 + i2j1)
=ml +
3∑
j=1
{
(mj −ml)r2j1 + (mj +ml)i2j1
}
≥ml, (5)
where r and i are real and imaginary parts of . ml is m2 (m1)
for N = 2 with the NH (IH) and the lightest neutrino mass for 
N = 3. In the ﬁrst equality, we have used (T )11 = 1, which 
holds for N = 2, 3. The last equality holds when  j1 = δ jl . For 
N ≥ 4, there is no lower bound since we can choose  j1 = 0, 
which means that N1 decouples from the seesaw mechanism. If 
the lightest neutrino is massless, N1 can also decouple for N = 3.
3. Perturbativity
From Eq. (4), we can see that the mixing |1|2 can be much 
larger than mj/M1 if | j1| is much larger than 1. Actually, such 
 is needed to discover the HNL by collider experiments. For ex-
ample, the bound from Z boson decay is |1|2  10−5 for M1 =
10 GeV [20], and then M1|1|2 ∼ 100 keV 
mj for |1|2 ∼ 10−5. 
In this case, the contribution of N1 in the right-hand side of Eq. (2)
need to be mostly canceled by those of heavier HNLs ( cannot be 
diagonal).
The mixing, however, cannot be arbitrarily large, since Yukawa 
couplings are constrained by perturbativity as discussed below. The 
diagonal components of the seesaw relation (2) are∑
j
m jU
2
α j = −
∑
I
MI
2
α I . (6)
In this section, we assume that N1 is detectable at colliders, or 
M1|α1|2 
 mj for at least one of α = e, μ, τ . The seesaw rela-
tion (6) and the triangle inequality give
|α1|2 =
∣∣∣∣∣
N∑
I=2
MI
M1
2α I
∣∣∣∣∣≤
N∑
I=2
MI
M1
|α I |2 ≤ 〈〉
2
M1M2
N∑
I=2
|Fα I |2.
(7)
The third equality holds when M2 = · · · = MN . The perturbativity 
bound can be estimated as
|α1|2 ≤ 4π(N − 1)〈〉
2
M1M2
, (8)
if we apply |Fα I | ≤
√
4π as the perturbativity conditions. Note that 
the bound gets more severe when the mass hierarchy is stronger 
M2 
 M1. In such a case, the perturbativity conditions on Fα I
(I ≥ 2) give the stronger bound on α1 than the perturbativity of 
Fα1. We can use Eq. (8) to obtain an upper bound on the mass 
of the second lightest HNL when M1 and |α1| are measured by 
future experiments. If Ns HNLs decouples from the seesaw mech-
anism (like a dark-matter-candidate HNL), Eq. (8) can be slightly 
modiﬁed by N →N −Ns .Fig. 1. Renormalization group evolution of top and neutrino Yukawa couplings yt
and |yνi I | in the case with M1 = M2, |yν32(MP )| =
√
4π and the NH.
Fig. 2. Constraints on the mixing of the lightest HNL. Shaded regions are excluded. 
The upper bounds from the perturbativity are shown by red solid lines. The bound 
Eq. (8) with N = 2, M2 = M1 is shown by the red dot-dashed line labeled “no 
RGE”. Blue dashed lines are the bounds Eq. (5) for the NH and IH. Dotted lines 
show experimental and cosmological bounds and future sensitivities [5,9,12].
We have to take into account the RGE of Yukawa couplings to 
keep perturbativity at high energy scale. We consider two right-
handed neutrinos (N = 2) for the calculation of RGE below. For 
N ≥ 3, some structure of  has to be assumed, but the bound 
would change only by an O(1) factor [see Eq. (8)]. It is useful to 
calculate the RGE of neutrino Yukawa couplings in the basis that 
the active neutrino mass matrix is diagonal, or yν ≡ −iU †F . In this 
basis, our result do not depend on the unknown Dirac and Majo-
rana phases in U because contributions of charged leptons to the 
RGE are negligible. The mixings |I |2 do not depend on the choice 
of the basis.
A typical example of Yukawa coupling RGE is shown in Fig. 1. 
We have used one-loop renormalization group equations [21]. The 
input parameters are taken to the central values in Refs. [22–24]. 
In our basis of Eq. (3), yν1I = 0 for the NH. The absolute values of 
the other neutrino Yukawa couplings are monotonically increasing, 
so we deﬁne the perturbativity condition here as
|yνj I (μ = MP )| <
√
4π (9)
where μ is a renormalization scale and MP = 2.4 × 1018 GeV (the 
difference of the results from those applying |Fα I (μ = MP )| <√
4π is negligible). The perturbativity of the top Yukawa coupling 
is satisﬁed since it is smaller than the maximal component of |yν |
at high energy scales.
Constraints on the mixing |1|2 is shown in Fig. 2. We have 
drawn the perturbativity bound with M2 = M1 for both the NH 
and IH cases, but the difference is negligible. The perturbativity 
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iments or methods [5,9,12].
bound falls as ∝ M−21 when M2 = M1 and ∝ M−11 when M2 is 
ﬁxed [see Eq. (8)]. We can see that two HNLs cannot be heavier 
than O(1015) GeV. It should be noted that the seesaw lower bound 
Eq. (5) can be weaker or stronger for N = 3 depending on the 
lightest neutrino mass.
The low mass region is depicted in Fig. 3 with the constraints 
from various experiments (see Refs. [5,12] and references therein). 
The constraints are mostly dominated by those on τ1. The per-
turbativity bound can be much stronger than those of past exper-
iments, and also comparable to the sensitivities of future experi-
ments.
Note that Fig. 3 says that low energy experiments can constrain 
HNLs much heavier than the electroweak scale, as indicated by 
Eq. (8). The constraint is not much changed by N [see Eq. (8)]. If 
M2 > 109 GeV, the mixing |1|2 have to be smaller than the line 
labeled “M2 = 109 GeV”. For example, if a HNL with M1 ∼ 10 GeV
and |1|2 ∼ 10−5 is found, the second lightest HNL must be lighter 
than ∼ 109 GeV by the perturbativity and the seesaw relation. 
It means that thermal leptogenesis [2], which requires two HNLs 
heavier than 109 GeV to explain the baryon asymmetry of the uni-
verse [25–27], is disfavored for N = 3. In this case, the baryon 
asymmetry have to be generated by another mechanism, such as 
resonant leptogenesis [28] or baryogenesis via neutrino oscillations 
[29,30].
4. Conclusion
We have explicitly shown two constraints on right-handed neu-
trinos. The lower bound comes from the seesaw relation, and the 
upper one comes from perturbativity. The mixing of the lightest 
HNL is related to those of heavier HNLs via the seesaw mechanism. 
If the lightest HNL is found by experiments, the second lightest 
HNL have to be suﬃciently light. This fact can be used to probe 
high energy phenomena such as leptogenesis.Acknowledgements
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